Abstract. We will consider the questions of when the products of composition and differentiation are bounded and compact on Bloch and little Bloch spaces.
Introduction
Let U denote the open unit disk in the complex plane and H(U) be the vector space of all analytic functions on U. For an analytic self-map ϕ of U, we define the composition operator C ϕ on H(U) by C ϕ f (z) = f (ϕ(z)) for z ∈ U and f ∈ H(U).
The Littlewood Subordination Principle shows that the restriction of C ϕ to the Hardy or weighted Bergman spaces is always bounded. Composition of functions is one of the most common and fundamental operations in mathematics. Thus many aspects of composition operators have been investigated on various analytic function spaces. One of such problems is the study of weighted composition operators, which appear in the theory of isometries on the spaces of analytic functions. From a different perspective, this problem would be yielded for the consideration of the operator range of the composition operators. Explicitly, it is asked how large enough the range of the composition operator is for the multiplication operators to be well acting there. We refer to the books [2] and [7] for the theory of composition operators.
Hibschweiler and Portnoy [4] considered the behavior of the differentiation on the range of the composition operator on the Hardy or weighted Bergman spaces. Let D be the differentiation operator and C ϕ the operator of composition with an analytic self-map ϕ of U. Then define the products of these operators by
and
for z ∈ U and f ∈ H(U). Generally D is unbounded on analytic function spaces. Hibschweiler and Portnoy [4] characterized the boundedness and the compactness of DC ϕ and C ϕ D between weighted Bergman spaces using the Carleson-type measures. But such weighted Bergman spaces would not include the Hardy space case in the characterization of boundedness and compactness of C ϕ D. The author [5] studied this remnant.
In this note we consider the products DC ϕ and C ϕ D on the Bloch spaces. The Bloch space B is the space of all analytic functions f on U for which (
Endowed with the norm
the Bloch space B becomes a Banach space and B o is a closed subspace of B.
Moreover a higher derivative analogue of Bloch functions also is given: Suppose that f is analytic on U and n ≥ 2. Then f ∈ B if and only
It is well known that a Bloch function can grow at most as fast as log(1
See [9, Chap. 5] for more information on Bloch spaces.
In the next section we characterize the boundedness and the compactness of DC ϕ on the Bloch and little Bloch spaces. In Section 3, we will consider the opposite form C ϕ D on the Bloch and little Bloch spaces. Note that D is bounded neither on B nor on B o but C ϕ is always bounded on B by the Schwarz-Pick inequality. Our theorems give interesting relations to the analytic Zygmund class and the generalized Schwarz-Pick inequality.
The product DC ϕ on Bloch spaces
In this section we will show that the boundedness and compactness of DC ϕ coincide using the compactness of composition operators on the analytic Lipschitz space.
To characterize the compactness, we will need the following result, whose proof is an easy modification of that of Proposition 3.11 in [2] .
is compact on B if and only if whenever {f n } is bounded in B and f n → 0 uniformly on compact subsets of U,
We will consider as follows. For f ∈ B,
Recall that a function f ∈ H(U) is said to belong to the Bloch-type space B 2 if
We here notice that the boundedness of DC ϕ from B to B is equivalent to the boundedness of the weighted composition operator ϕ C ϕ from B 2 to B. So using the results in [6] , we obtain the following theorems. 
Proof. We firstly show that (i) implies (iii). It is trivial that DC
As the argument above, we obtain the following conditions which are equivalent to the boundedness of the weighted composition operator ϕ C ϕ from B 2 to B, using the results in [6] :
For example, we also get the condition (2.2), using test functions
Here we recall that the analytic Lipschitz space B 1/2 consists of all analytic functions f on U satisfying the condition
Thus, by (2.1) and (2.2), ϕ is in the analytic Lipschitz space B 1/2 and so 
If |λ| → 1 and |ϕ(λ)| → r < 1,
So from (2.2) we obtain the condition;
This condition is equivalent to the fact that Next we will show the implication (iii)⇒(ii) using Proposition 2.1. Suppose that {f n } is bounded in B and f n → 0 uniformly on compact subsets of U as n → ∞.
By the condition (iii), K = {w ∈ U : |w| ≤ ϕ ∞ } is a compact subset of U. Then we have
The first term on the right-hand side clearly tends to zero as n → ∞. The second term is bounded by
As (1 − |z|
2 )(log 2/(1 − |z|)) 2 is bounded, the second also tends to zero as n → ∞.
Furthermore the third term is bounded by
Thus this term also tends to zero as n → ∞.
Here we add the notion of the analytic Zygmund class Λ * , that is,
endowed with the norm
(Refer to [3] .) Then each condition in Theorem 2.2 furthermore is equivalent to the following condition:
In a similar manner to Theorem 2.2 we can obtain the following theorem which describes the boundedness and the compactness of DC ϕ on the little Bloch space B o . Theorem 2.3. Let ϕ be an analytic self-map of U. Then the following are equivalent:
The product C ϕ D on Bloch spaces
In this section we will consider the opposite form C ϕ D. Also, using theorems in [6] , we can show the following results. 
Analogous to Theorem 2.2, the following result characterizes the compactness of C ϕ D using Proposition 2.1. 
Nor the identity map ϕ(z) = z nor Möbius transformation satisfy the condition (ii) in Theorem 3.1. But there exist inner functions ϕ satisfying the condition (ii) in Theorems 3.1 and 3.2. Such investigation is in [1] .
Next we will consider the little Bloch space case and easily obtain the following results by methods similar to the above. 
